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I. INTRODUCTION 
The theory of differential geometry was introduced 
para-complex geometry and its applications, 
developed the differential properties of complex 
geometry that became the basis for describing the 
mechanical equations. The differential para-
complex geometry is continuously developing, with 
some of the most influential works. In our times, 
methods in Lagrangian Dynamics have changed and 
developed; Lagrangian Dynamics is still a field of 
research for mathematicians. para-complex 
geometry turned out to be important in practical 
applications in literature there are a lot of studies 
about Lagrangian mechanics systems and equations 
and in real an complex, para complex analogues 
including studies [2][3][4][5][6] in this paper Euler 
-Lagrange Equations related to Euler -Lagrange 
Equations with Two Almost para-Complex 
Structures.      
II. ALMOST PARA-COMPLEX 
Definition 2.1[2] 
Let ℳ be configuration manifold of real dimension 
2m ,A tensor field 𝐼 on 𝑇ℳ is called almost para -
complex manifold. such that  𝐼2 = 1. 
Definition 2.2[8] 
An almost para -complex structure on ℳamanifold 
is a differentiable map  
I: Tℳ → Tℳon the tangent bundle 𝑇ℳ of ℳsuch 
that 𝐼 preserves each fiber ,A manifold with affixed 
almost para -complex structure is  called an almost 
para -complex manifold  
Definition 2.3 
Let  para complex manifold . In local holomorphic 
coordinates{𝑥1, 𝑥2, 𝑥3, 𝑥4}  one can define the maps 
𝐼 (
𝜕
𝜕𝑥1
) =
𝜕
𝜕𝑥2
 ,    𝐼 (
𝜕
𝜕𝑥2
) =
𝜕
𝜕𝑥1
 
𝐼 (
𝜕
𝜕𝑥3
) =
𝜕
𝜕𝑥4
 ,    𝐼 (
𝜕
𝜕𝑥4
) =
𝜕
𝜕𝑥3
 (1) 
Definition 2.4 
Let Z1 = x1 + ix2 ,     Z2 = x3 + ix4 , 𝑖
2 = −1, be 
para complex manifold .In local coordinates system 
on a neighborhood V of  𝑇ℳ .We define the vector 
fields by 
𝐼 (
𝜕
𝜕Z1
) =
1
2
(
𝜕
𝜕𝑥1
− 𝑖
𝜕
𝜕𝑥2
) ,    𝐼 (
𝜕
𝜕Z2
) =
1
2
(
𝜕
𝜕𝑥3
− 𝑖
𝜕
𝜕𝑥4
) 
𝐼 (
𝜕
𝜕Z̅1
) =
1
2
(
𝜕
𝜕𝑥1
+ 𝑖
𝜕
𝜕𝑥2
) ,    𝐼 (
𝜕
𝜕Z̅2
) =
1
2
(
𝜕
𝜕𝑥3
+ 𝑖
𝜕
𝜕𝑥4
) 
And the dual convector fields  
𝐼(𝑑Z1) =
1
2
(𝑑x1 − 𝑖𝑑x2) ,    𝐼(𝑑Z2) =
1
2
(𝑑x3 − 𝑖𝑑x4) 
𝐼(𝑑Z̅1) =
1
2
(𝑑x1 − 𝑖𝑑x2),    𝐼(𝑑Z̅2) =
1
2
(𝑑x3 − 𝑖𝑑x4) 
Theorem 2.5 
Suppose that  {𝑥1, 𝑥2, 𝑥3, 𝑥4}, be a real coordinate 
system on (ℳ, 𝐽). Then the bases  tangent space 
𝑇(𝑇ℳ) {
𝜕
𝜕𝑥1
,
𝜕
𝜕𝑥2
,
𝜕
𝜕𝑥3
,
𝜕
𝜕𝑥4
} 
𝐼 (
𝜕
𝜕𝑥1
) =
𝜕
𝜕𝑥2
, 𝐼 (
𝜕
𝜕𝑥2
) =
𝜕
𝜕𝑥1
       
 𝐼 (
𝜕
𝜕𝑥3
) =
𝜕
𝜕𝑥4
, 𝐼 (
𝜕
𝜕𝑥4
) =
𝜕
𝜕𝑥3
 (2)          
If I is defined as a para complex manifold ℳ then 
𝐼2 = I ∘ I = 1 
Proof  
𝐼2 (
𝜕
𝜕𝑥1
) = I (I (
𝜕
𝜕𝑥1
)) = I (
𝜕
𝜕𝑥2
) =
𝜕
𝜕𝑥1
 
𝐼2 (
𝜕
𝜕𝑥2
) = I (I (
𝜕
𝜕𝑥2
))   = I (
𝜕
𝜕𝑥1
) =
𝜕
𝜕𝑥2
 
𝐼2 (
𝜕
𝜕𝑥3
) = I (I (
𝜕
𝜕𝑥3
)) = I (
𝜕
𝜕𝑥4
) =
𝜕
𝜕𝑥3
 
𝐼2 (
𝜕
𝜕𝑥4
) = I (I (
𝜕
𝜕𝑥4
)) = I (
𝜕
𝜕𝑥3
) =
𝜕
𝜕𝑥4
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III. PARA-COMPLEX RIEMANNIAN 
MANIFOLDS 
Let ℳ be a para-complex manifold of para-complex 
dimension n and denote by (ℳ, 𝐼) the manifold 
considered as a real 2n-dimensional manifold with 
the induced almost para-complex structure 𝐼. 
Definition3.1[8]A para-complex Riemannian 
metric on ℳ is a covariant symmetric 2-tensor field 
𝐺 ∶ 𝐴(𝑇ℳ)  × 𝐴(𝑇ℳ)  →  𝐶, which is non-
degenerate at each point of M and satisfies 
𝐺(𝑧1̅, 𝑧2̅) = 𝐺(𝑧1, 𝑧2)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  , 𝑧1, 𝑧2 ∈ 𝐴(𝑇ℳ) 
𝐺(𝑧1, 𝑧2) = 𝟎 ,    𝑧1 ∈ 𝐴(𝑇ℳ)   ,    𝑧2  ∈ 𝐴(𝑇ℳ)(3) 
the relation (1) is equivalent to 
𝐺(𝐼𝑧1, 𝐼𝑧2) = 𝐺(𝑧1, 𝑧2),   𝑧1, 𝑧2 ∈ 𝐴(𝑇ℳ) 
Definition 3.2. The pair (ℳ, 𝐺)  consisting by a 
para-complex manifold ℳ and a para-complex 
Riemannian metric 𝐺 on ℳ, will be called a para-
complex Riemannian manifold 
Definition3.3.[8]A para-complex Riemannian 
metric 𝐺 on a para-complex manifold M is called 
para-holomorphic Riemannian metric if the local 
components 𝐺𝑎𝑏 are para-holomorphic functions, 
∂Gab
∂zc̅
= 0   ,    c ∈  {1 . . . , n}. 
In this case, the pair (ℳ, 𝐺)   is called a para-
holomorphic Riemannian manifold 
Definition 3.4[3] A para-Norden manifold (𝑀, 𝐼, 𝑔) 
is called para-Kahler Norden manifold if the Levi-
Civita connection 𝛻 of g is almost para-complex. 
Definition 3.5  Almost para –Hermition structure  
(𝑇𝑀, 𝐼, 𝑔) is differentiable manifolds 𝑇𝑀 endowed 
with an almost product structure 𝐼 and pseudo – 
Riemannian metric 𝑔 ,compatible in the sense that 
g(IX, Y) + g(X, IY) = 0   ∀X, Y ∈ A(Tℳ) 
Lemma 3.6[9]  If ω, θ and k −form  be respectively 
then 
(i) dω ∧ d θ =  −d θ ∧  dω 
(ii) d2 = d ∘ d = 0 
(iii) d(ω⋀ψ) = dω⋀ψ + (−1)kdψ⋀ω 
Proposition 3.7[9]  Suppose  (U, 𝑥1,…, 𝑥n) is a 
chart on a manifold. Then   (
∂𝑥j
∂𝑥i
) = δj
i = {
1     , 𝑖 = 𝑗
0       , 𝑖 ≠ 𝑗
 
Definition 3.8 An exterior differentiation or exterior 
derivative on a manifold ℳ is an R-linear map  
d ∶  Ω∗ (ℳ) →  Ω∗ (ℳ) 
Then the exterior derivative of ω is (k + 1) – form 
given by  
dω = ∑ d(ωi1,…,ik
m
i=1
)d𝑥i1⋀d𝑥i2 ⋀ … ⋀d𝑥ik     
 𝑊ℎ𝑒𝑟𝑒  𝑘 > 0(4)   
IV. LAGRANGIAN  DYNAMICAL 
SYSTEMS 
    In this part we will take Lagrange equations 
according to classical mechanics and we will begin 
Definition 3.1[4]. A Lagrangian  function for a 
Hamiltonian  vector field 𝑋 on ℳ is a smooth 
function L ∶  Tℳ →  R such that 
iXϕL = dEL(5)  
Let  𝜉 be the vector field by  
𝜉 = 𝑋1
𝜕
𝜕𝑥1
+ 𝑋2
𝜕
𝜕𝑥2
+ 𝑋3
𝜕
𝜕𝑥3
+ 𝑋4
𝜕
𝜕𝑥4
 (6) 
And  
𝑋1 = ?̇?1 ,    𝑋2 = ?̇?2,   𝑋3 = ?̇?3, 𝑋4 = ?̇?4 
Liouville  Vector field on complex manifold  
(ℳ, V = 𝐼(𝜉)) 
𝐼(𝜉) = 𝐼 (𝑋1
𝜕
𝜕𝑥1
+ 𝑋2
𝜕
𝜕𝑥2
+ 𝑋3
𝜕
𝜕𝑥3
+ 𝑋4
𝜕
𝜕𝑥4
) 
𝐼(𝜉) = 𝑋1𝐼 (
𝜕
𝜕𝑥1
) + 𝑋2𝐼 (
𝜕
𝜕𝑥2
) + 𝑋3𝐼 (
𝜕
𝜕𝑥3
) + 𝑋4𝐼 (
𝜕
𝜕𝑥4
) 
𝑉 = 𝐼(𝜉) = 𝑋1
𝜕
𝜕𝑥1
+ 𝑋2
𝜕
𝜕𝑥2
+ 𝑋3
𝜕
𝜕𝑥3
+ 𝑋4
𝜕
𝜕𝑥4
(7)          
Let map 𝐿: 𝑇ℳ → ℳ such that     
𝐿 = 𝑇 − 𝑃 
The Lagrangian function, where we find that  
T= Kinetic energy, P= Potential energy 
The operator 𝑖𝐼  induced by 𝐼 𝑎𝑛𝑑     𝑠ℎ𝑜𝑤𝑛 as  
𝑖𝐼𝜔(𝑍1, 𝑍2, 𝑍3, … , 𝑍𝑟) = ∑ 𝜔(𝑍1, … , 𝐼𝑍𝑖 , … , 𝑍𝑟)
𝑟
𝑖=1
 
Is vertical derivation (differentiation) 𝑑𝐼 is defined  
𝑑𝐺𝐼 = [𝑖𝐺𝐼 , 𝑑] = 𝑖𝐺𝐼𝑑 − 𝑑𝑖𝐼 (8) 
Where d is the usual exterior derivation .for almost 
para-complex structure 𝐼 determined by , the closed 
para-Kahlerian form is the closed 2-form  
ϕL = −𝑑𝑑1𝐿 such that  
𝑑𝐽 =
𝜕
𝜕𝑥2
𝑑𝑥1 +
𝜕
𝜕𝑥1
𝑑𝑥2 +
𝜕
𝜕𝑥4
𝑑𝑥3 +
𝜕
𝜕𝑥3
𝑑𝑥4    , ℱ(ℳ) → ⋀ℳ 
𝑑𝐽𝐿 = (
𝜕
𝜕𝑥2
𝑑𝑥1 +
𝜕
𝜕𝑥1
𝑑𝑥2 +
𝜕
𝜕𝑥4
𝑑𝑥3 +
𝜕
𝜕𝑥3
𝑑𝑥4) 𝐿 
𝑑𝐽𝐿 =
𝜕𝐿
𝜕𝑥2
𝑑𝑥1 +
𝜕𝐿
𝜕𝑥1
𝑑𝑥2 +
𝜕𝐿
𝜕𝑥4
𝑑𝑥3 +
𝜕𝐿
𝜕𝑥3
𝑑𝑥4      (9)    
Differentially 𝑑𝐼𝐿 
ϕL = −𝑑(𝑑𝐺1) = −𝑑 (
𝜕
𝜕𝑥2
𝑑𝑥1 +
𝜕
𝜕𝑥1
𝑑𝑥2 +
𝜕
𝜕𝑥4
𝑑𝑥3
+
𝜕
𝜕𝑥3
𝑑𝑥4) 
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ϕL = −
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝑑𝑥1 ∧ 𝑑𝑥1 −
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥1 ∧ 𝑑𝑥2 −
𝜕2𝐿
𝜕𝑥1𝜕𝑥4
𝑑𝑥1
∧ 𝑑𝑥3 −
𝜕2𝐿
𝜕𝑥1𝜕𝑥3
𝑑𝑥1 ∧ 𝑑𝑥4 
 −
𝜕2𝐿
𝜕𝑥2𝜕𝑥2
𝑑𝑥2 ∧ 𝑑𝑥1 −
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥2 ∧ 𝑑𝑥2 −
𝜕2𝐿
𝜕𝑥2𝜕𝑥4
𝑑𝑥2 ∧ 𝑑𝑥3
−
𝜕2𝐿
𝜕𝑥2𝜕𝑥3
𝑑𝑥2 ∧ 𝑑𝑥4 
−
𝜕2𝐿
𝜕𝑥3𝜕𝑥2
𝑑𝑥3 ∧ 𝑑𝑥1 −
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥3 ∧ 𝑑𝑥2   −
𝜕2𝐿
𝜕𝑥3𝜕𝑥4
𝑑𝑥3
∧ 𝑑𝑥3 −
𝜕2𝐿
𝜕𝑥3𝜕𝑥3
𝑑𝑥3 ∧ 𝑑𝑥4 
−
𝜕2𝐿
𝜕𝑥4𝜕𝑥2
𝑑𝑥4 ∧ 𝑑𝑥1 −
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥4 ∧ 𝑑𝑥2 −
𝜕2𝐿
𝜕𝑥4𝜕𝑥4
𝑑𝑥4 ∧ 𝑑𝑥3
−
𝜕2𝐿
𝜕𝑥4𝜕𝑥3
𝑑𝑥4 ∧ 𝑑𝑥4                             (10) 
 Calculate    ϕL(𝜉)    
iXϕL = ϕL(𝜉) = (−
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝑑𝑥1 ∧ 𝑑𝑥1 −
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥1 ∧ 𝑑𝑥2 −
𝜕2𝐿
𝜕𝑥1𝜕𝑥4
𝑑𝑥1 ∧ 𝑑𝑥3 −
𝜕2𝐿
𝜕𝑥1𝜕𝑥3
𝑑𝑥1 ∧ 𝑑𝑥4 − −
𝜕2𝐿
𝜕𝑥2𝜕𝑥2
𝑑𝑥2 ∧ 𝑑𝑥1 −
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥2 ∧ 𝑑𝑥2 −
𝜕2𝐿
𝜕𝑥2𝜕𝑥4
𝑑𝑥2 ∧ 𝑑𝑥3 −
𝜕2𝐿
𝜕𝑥2𝜕𝑥3
𝑑𝑥2 ∧ 𝑑𝑥4   −
𝜕2𝐿
𝜕𝑥3𝜕𝑥2
𝑑𝑥3 ∧ 𝑑𝑥1 +
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥3 ∧ 𝑑𝑥2   −
𝜕2𝐿
𝜕𝑥3𝜕𝑥4
𝑑𝑥3 ∧ 𝑑𝑥3 −
𝜕2𝐿
𝜕𝑥3𝜕𝑥3
𝑑𝑥3 ∧ 𝑑𝑥4  −
𝜕2𝐿
𝜕𝑥4𝜕𝑥2
𝑑𝑥4 ∧ 𝑑𝑥1 −
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥4 ∧ 𝑑𝑥2 −
𝜕2𝐿
𝜕𝑥4𝜕𝑥4
𝑑𝑥4 ∧ 𝑑𝑥3 −
𝜕2𝐿
𝜕𝑥4𝜕𝑥3
𝑑𝑥4 ∧ 𝑑𝑥4) (𝑋
1 𝜕
𝜕𝑥1
+ 𝑋2
𝜕
𝜕𝑥2
+
𝑋3
𝜕
𝜕𝑥3
+ 𝑋4  
𝜕
𝜕𝑥4
)                   (11)    
And  
iXϕL = −𝑋
1
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝛿1
1𝑑𝑥1 − 𝑋
1
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝑑𝑥1 − 𝑋
1
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥1
− 𝑋2
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝛿1
1𝑑𝑥2 − 𝑋
3
𝜕2𝐿
𝜕𝑥1𝜕𝑥4
𝑑𝑥1
− 𝑋1
𝜕2𝐿
𝜕𝑥1𝜕𝑥4
𝛿1
1𝑑𝑥3 − 𝑋
1
𝜕2𝐿
𝜕𝑥1𝜕𝑥3
𝑑𝑥1
− 𝑋4
𝜕2𝐿
𝜕𝑥1𝜕𝑥3
𝛿1
1𝑑𝑥4 − 𝑋
2
𝜕2𝐿
𝜕𝑥2𝜕𝑥2
𝑑𝑥2
− 𝑋1
𝜕2𝐿
𝜕𝑥2𝜕𝑥2
𝛿2
2𝑑𝑥1 − 𝑋
2
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝛿2
2𝑑𝑥2
− 𝑋2
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥2 − −𝑋
3
𝜕2𝐿
𝜕𝑥2𝜕𝑥4
𝑑𝑥2
− 𝑋2
𝜕2𝐿
𝜕𝑥2𝜕𝑥4
𝛿2
2𝑑𝑥3
− 𝑋4
𝜕2𝐿
𝜕𝑥2𝜕𝑥3
𝑑𝑥2−𝑋
2
𝜕2𝐿
𝜕𝑥2𝜕𝑥3
𝛿2
2𝑑𝑥4 
−𝑋2
𝜕2𝐿
𝜕𝑥3𝜕𝑥2
𝑑𝑥3−𝑋
3
𝜕2𝐿
𝜕𝑥3𝜕𝑥2
𝛿3 
3 𝑑𝑥1−𝑋
1
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥3 
−𝑋3
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝛿3 
3 𝑑𝑥2 −𝑋
3
𝜕2𝐿
𝜕𝑥3𝜕𝑥4
𝑑𝑥3 
−𝑋3
𝜕2𝐿
𝜕𝑥3𝜕𝑥4
𝛿3 
3 𝑑𝑥 3 − 𝑋
3
𝜕2𝐿
𝜕𝑥3𝜕𝑥3
𝛿3 
3 𝑑𝑥3
− 𝑋4
𝜕2𝐿
𝜕𝑥3𝜕𝑥3
𝑑𝑥4−𝑋
2
𝜕2𝐿
𝜕𝑥4𝜕𝑥2
𝑑𝑥4−𝑋
4
𝜕2𝐿
𝜕𝑥4𝜕𝑥2
𝛿4 
4 𝑑𝑥1 
−𝑋1
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝛿4 
4 𝑑𝑥4−𝑋
4
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥2 − 𝑋
3
𝜕2𝐿
𝜕𝑥4𝜕𝑥4
𝑑𝑥4
− 𝑋4
𝜕2𝐿
𝜕𝑥4𝜕𝑥4
𝛿4 
4 𝑑𝑥3−𝑋
4
𝜕2𝐿
𝜕𝑥4𝜕𝑥3
𝑑𝑥4−𝑋
4
𝜕2𝐿
𝜕𝑥4𝜕𝑥3
𝛿4 
4 𝑑𝑥4  (13) 
Compensating Lemma 3.6 and Proposition 3.7   In 
the equation we get   
iXϕL = −𝑋
1
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝑑𝑥1 − 𝑋
1
𝜕2𝐿
𝜕𝑥2𝜕𝑥2
𝑑𝑥1 − 𝑋
1
𝜕2𝐿
𝜕𝑥3𝜕𝑥2
𝑑𝑥1
− 𝑋1
𝜕2𝐿
𝜕𝑥4𝜕𝑥2
𝑑𝑥1 
−𝑋2
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥2 − 𝑋
2
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥2 − 𝑋
2
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥2
− 𝑋2
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥2 
−𝑋3
𝜕2𝐿
𝜕𝑥1𝜕𝑥4
𝑑𝑥3 − 𝑋
3
𝜕2𝐿
𝜕𝑥2𝜕𝑥4
𝑑𝑥3 − 𝑋
3
𝜕2𝐿
𝜕𝑥3𝜕𝑥4
𝑑𝑥3
− 𝑋3
𝜕2𝐿
𝜕𝑥4𝜕𝑥4
𝑑𝑥3 
−𝑋4
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥4 − 𝑋
4
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥4 − 𝑋
4
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥4
− 𝑋4
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥4       (14) 
From the energy equation we get 
𝐸𝐿 = 𝑉(𝐿) − 𝐿                                                            (15) 
Equation (7) in equation (15) we get 
𝐸𝐿 = 𝑉(𝐿) − 𝐿 = 𝑋
1
𝜕𝐿
𝜕𝑥2
+ 𝑋2
𝜕𝐿
𝜕𝑥1
+ 𝑋3
𝜕𝐿
𝜕𝑥4
+ 𝑋4
𝜕𝐿
𝜕𝑥3
− 𝐿   (16) 
In the equation of the energy equation we obtain 
𝑑𝐸𝐿 = (
𝜕
𝜕𝑥2
𝑑𝑥1 +
𝜕
𝜕𝑥1
𝑑𝑥2 +
𝜕
𝜕𝑥4
𝑑𝑥3 +
𝜕
𝜕𝑥3
𝑑𝑥4) (𝑋
1
𝜕𝐿
𝜕𝑥2
+ 𝑋2
𝜕𝐿
𝜕𝑥1
+ 𝑋3
𝜕𝐿
𝜕𝑥4
+ 𝑋4
𝜕𝐿
𝜕𝑥3
− 𝐿) 
𝑑𝐸𝐿 = 𝑋
1
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝑑𝑥1 + 𝑋
1
𝜕2𝐿
𝜕𝑥2𝜕𝑥2
𝑑𝑥2 + 𝑋
1
𝜕2𝐿
𝜕𝑥3𝜕𝑥2
𝑑𝑥3
+ 𝑋1
𝜕2𝐿
𝜕𝑥4𝜕𝑥2
𝑑𝑥4+𝑋
2
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥1
+ 𝑋2
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥2 + 𝑋
2
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥3
+ 𝑋2
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥4+𝑋
3
𝜕2𝐿
𝜕𝑥1𝜕𝑥4
𝑑𝑥1
+ 𝑋3
𝜕2𝐿
𝜕𝑥2𝜕𝑥4
𝑑𝑥2 + 𝑋
3
𝜕2𝐿
𝜕𝑥3𝜕𝑥4
𝑑𝑥3
+ 𝑋3
𝜕2𝐿
𝜕𝑥4𝜕𝑥4
𝑑𝑥4+𝑋
4
𝜕2𝐿
𝜕𝑥1𝜕𝑥3
𝑑𝑥1
+ 𝑋4
𝜕2𝐿
𝜕𝑥2𝜕𝑥3
𝑑𝑥2 + 𝑋
4
𝜕2𝐿
𝜕𝑥3𝜕𝑥3
𝑑𝑥3
+ 𝑋4
𝜕2𝐿
𝜕𝑥4𝜕𝑥3
𝑑𝑥4 −
𝜕𝐿
𝜕𝑥1
𝑑𝑥1 −
𝜕𝐿
𝜕𝑥2
𝑑𝑥2
−
𝜕𝐿
𝜕𝑥3
𝑑𝑥3 −
𝜕𝐿
𝜕𝑥4
𝑑𝑥4   (17) 
Equation of Equation (14) with Equation (17) we 
obtain 
iXϕL = 𝑑𝐸𝐿 
-𝑋1
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝑑𝑥1 − 𝑋
1 𝜕
2𝐿
𝜕𝑥2𝜕𝑥2
𝑑𝑥1 − 𝑋
1 𝜕
2𝐿
𝜕𝑥3𝜕𝑥2
𝑑𝑥1 − 𝑋
1 𝜕
2𝐿
𝜕𝑥4𝜕𝑥2
𝑑𝑥1 
−𝑋2
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥2 − 𝑋
2
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥2 − 𝑋
2
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥2
− 𝑋2
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥2 
−𝑋3
𝜕2𝐿
𝜕𝑥1𝜕𝑥4
𝑑𝑥3 − 𝑋
3
𝜕2𝐿
𝜕𝑥2𝜕𝑥4
𝑑𝑥3 − 𝑋
3
𝜕2𝐿
𝜕𝑥3𝜕𝑥4
𝑑𝑥3
− 𝑋3
𝜕2𝐿
𝜕𝑥4𝜕𝑥4
𝑑𝑥3 
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−𝑋4
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥4 − 𝑋
4
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥4 − 𝑋
4
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥4
− 𝑋4
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥4
= 𝑋1
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝑑𝑥1 + 𝑋
1
𝜕2𝐿
𝜕𝑥2𝜕𝑥2
𝑑𝑥2
+ 𝑋1
𝜕2𝐿
𝜕𝑥3𝜕𝑥2
𝑑𝑥3
+ 𝑋1
𝜕2𝐿
𝜕𝑥4𝜕𝑥2
𝑑𝑥4+𝑋
2
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥1
+ 𝑋2
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥2 + 𝑋
2
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥3
+ 𝑋2
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥4+𝑋
3
𝜕2𝐿
𝜕𝑥1𝜕𝑥4
𝑑𝑥1
+ 𝑋3
𝜕2𝐿
𝜕𝑥2𝜕𝑥4
𝑑𝑥2 + 𝑋
3
𝜕2𝐿
𝜕𝑥3𝜕𝑥4
𝑑𝑥3
+ 𝑋3
𝜕2𝐿
𝜕𝑥4𝜕𝑥4
𝑑𝑥4+𝑋
4
𝜕2𝐿
𝜕𝑥1𝜕𝑥3
𝑑𝑥1
+ 𝑋4
𝜕2𝐿
𝜕𝑥2𝜕𝑥3
𝑑𝑥2 + 𝑋
4
𝜕2𝐿
𝜕𝑥3𝜕𝑥3
𝑑𝑥3
+ 𝑋4
𝜕2𝐿
𝜕𝑥4𝜕𝑥3
𝑑𝑥4 −
𝜕𝐿
𝜕𝑥1
𝑑𝑥1 −
𝜕𝐿
𝜕𝑥2
𝑑𝑥2
−
𝜕𝐿
𝜕𝑥3
𝑑𝑥3 −
𝜕𝐿
𝜕𝑥4
𝑑𝑥4 
Or  
𝑋1
𝜕2𝐿
𝜕𝑥1𝜕𝑥2
𝑑𝑥1 − 𝑋
1
𝜕2𝐿
𝜕𝑥2𝜕𝑥2
𝑑𝑥1 − 𝑋
1
𝜕2𝐿
𝜕𝑥3𝜕𝑥2
𝑑𝑥1
− 𝑋1
𝜕2𝐿
𝜕𝑥4𝜕𝑥2
𝑑𝑥1 +
𝜕𝐿
𝜕𝑥1
𝑑𝑥1
+ 𝑋2
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥2 + 𝑋
2
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥2
+ 𝑋2
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥2 + 𝑋
2
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥2
+
𝜕𝐿
𝜕𝑥2
𝑑𝑥2 − 𝑋
3
𝜕2𝐿
𝜕𝑥1𝜕𝑥4
𝑑𝑥3
− 𝑋3
𝜕2𝐿
𝜕𝑥2𝜕𝑥4
𝑑𝑥3 − 𝑋
3
𝜕2𝐿
𝜕𝑥3𝜕𝑥4
𝑑𝑥3
− 𝑋3
𝜕2𝐿
𝜕𝑥4𝜕𝑥4
𝑑𝑥3 +
𝜕𝐿
𝜕𝑥3
𝑑𝑥3
− 𝑋4
𝜕2𝐿
𝜕𝑥1𝜕𝑥1
𝑑𝑥4 − 𝑋
4
𝜕2𝐿
𝜕𝑥2𝜕𝑥1
𝑑𝑥4
− 𝑋4
𝜕2𝐿
𝜕𝑥3𝜕𝑥1
𝑑𝑥4 − 𝑋
4
𝜕2𝐿
𝜕𝑥4𝜕𝑥1
𝑑𝑥4
+
𝜕𝐿
𝜕𝑥4
𝑑𝑥4 = 0                                    (18) 
Or  
− (𝑋1
𝜕
𝜕𝑥1
+ 𝑋1
𝜕
𝜕𝑥2
+ 𝑋1
𝜕
𝜕𝑥3
+ 𝑋1
𝜕
𝜕𝑥4
) (
𝜕𝐿
𝜕𝑥2
) 𝑑𝑥1 +
𝜕𝐿
𝜕𝑥1
𝑑𝑥1
+ (𝑋1
𝜕
𝜕𝑥1
+ 𝑋1
𝜕
𝜕𝑥2
+ 𝑋1
𝜕
𝜕𝑥3
+ 𝑋1
𝜕
𝜕𝑥4
) (
𝜕𝐿
𝜕𝑥1
) 𝑑𝑥2 +
𝜕𝐿
𝜕𝑥2
𝑑𝑥2
− (𝑋1
𝜕
𝜕𝑥1
+ 𝑋1
𝜕
𝜕𝑥2
+ 𝑋1
𝜕
𝜕𝑥3
+ 𝑋1
𝜕
𝜕𝑥4
) (
𝜕𝐿
𝜕𝑥4
) 𝑑𝑥3
+
𝜕𝐿
𝜕𝑥3
𝑑𝑥3 (𝑋
1
𝜕
𝜕𝑥1
+ 𝑋1
𝜕
𝜕𝑥2
+ 𝑋1
𝜕
𝜕𝑥3
+ 𝑋1
𝜕
𝜕𝑥4
) (
𝜕𝐿
𝜕𝑥3
) 𝑑𝑥4 +
𝜕𝐿
𝜕𝑥4
𝑑𝑥4 = 0  
Be an integral curve .in local coordinates it is 
obtained that 
Suppose that a curve 
α: I ⊂  R → T∗ℳ = 𝑅2𝑛 
is an integral curve of the Lagrangian vector field 
XH, i.e., 
XL(α(t)) =
dα(t)
dt
     ,     t ∈  I.                                   
In the local coordinates, if it is considered to be 
α(t) =  (x1(t), x2(t), x2(t), x4(t), x5(t), x6(t)) (19)                      
we obtain 
dα(t)
dt
=
dx1
dt
∂
∂x1
+
dx2
dt
∂
∂x2
+
dx3
dt
∂
∂x3
+
dx4
dt
∂
∂x4
+
dx5
dt
∂
∂x5
+
dx6
dt
∂
∂x6
        
𝑋1
𝜕
𝜕𝑥1
+ 𝑋1
𝜕
𝜕𝑥2
+ 𝑋1
𝜕
𝜕𝑥3
+ 𝑋1
𝜕
𝜕𝑥4
+ 𝑋1
𝜕
𝜕𝑥5
𝑑𝑥5 + 𝑋
1
𝜕
𝜕𝑥6
=
∂
∂t
                (20) 
Taking the equation(8) = the equation (9)  
−
∂
∂t
(
𝜕𝐿
𝜕𝑥2
) 𝑑𝑥1 +
𝜕𝐿
𝜕𝑥1
𝑑𝑥1 = 0 →     −
∂
∂t
(
𝜕𝐿
𝜕𝑥2
) +
𝜕𝐿
𝜕𝑥1
= 0 
∂
∂t
(
𝜕𝐿
𝜕𝑥1
) 𝑑𝑥2 +
𝜕𝐿
𝜕𝑥2
𝑑𝑥2 = 0      →     
∂
∂t
(
𝜕𝐿
𝜕𝑥1
) +
𝜕𝐿
𝜕𝑥2
= 0 
−
∂
∂t
(
𝜕𝐿
𝜕𝑥4
) 𝑑𝑥3 +
𝜕𝐿
𝜕𝑥3
𝑑𝑥3 = 0 →    −
∂
∂t
(
𝜕𝐿
𝜕𝑥4
) +
𝜕𝐿
𝜕𝑥3
= 0 
𝜕
𝜕𝑡
(
𝜕𝐿
𝜕𝑥3
) 𝑑𝑥4 +
𝜕𝐿
𝜕𝑥4
𝑑𝑥4 = 0  →     
𝜕
𝜕𝑡
(
𝜕𝐿
𝜕𝑥3
) +
𝜕𝐿
𝜕𝑥4
= 0 
    And  
∂
∂t
(
𝜕𝐿
𝜕𝑥2
) +
𝜕𝐿
𝜕𝑥1
= 0           ,                
∂
∂t
(
𝜕𝐿
𝜕𝑥1
) +
𝜕𝐿
𝜕𝑥2
= 0   ,       
 
∂
∂t
(
𝜕𝐿
𝜕𝑥4
) +
𝜕𝐿
𝜕𝑥3
= 0 ,
   ∂
∂t
(
𝜕𝐿
𝜕𝑥3
) +
𝜕𝐿
𝜕𝑥4
= 0  ,       (21 ) 
 The equations (21) be  Euler- Lagrange  mechanical 
system, with two para-complex structure and the 
triple (ℳ , ϕL, ξ) . 
V. CONCLUSIONS 
Thus, equations Lagrangian of equations (21) with 
two Almost para -Complex Structures. 
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